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Abstract

Lorenz curves are established under general conditions following an integral transform approach
aging approximately 40 years. The derivation of this approach is given together with quite a few ex-
planations, well known and widely-spread (yet well hidden?) facts from the literature, and some fresh
views. The approach is based on relating the underlying distributions, typically income distributions,
to probability distributions.

The equity calculus, which is inspired by a notion of relative poverty, is shown to deliver a variety
of differential equations for Lorenz curves. Most admit one-parametric closed form solutions while
solvability of others is still unsettled.

Key words: generalized function inversion, integral transforms, absolute continuity, Pareto distri-
bution, differential equations, symbolic solutions.

1 Introduction

The idea of Lorenz curves, which are more than one hundred years old, is to describe unevenness of
data samples independent from the number of data and their size — and their origin. Different data sets
and, slightly more general, different distributions of real values become comparable beyond their absolute
magnitudes.

Lorenz curves for any finite income distribution, which, basically, is a finite collection of income values,
can be introduced in two ways. One is an ad-hoc approach consisting of one operation of sorting and
two operations of normalization. More complicated income distributions require another, more rigorous
introduction. One benefit of the latter is that the unevenness of large data sets can receive approximate
descriptions by few parameters only.

Here, Lorenz curves will be derived and analyzed for three kinds of distributions and every mixture of
these kinds: distributions with countable support set, distributions with Lebesgue density and distribu-
tions with uncountable support sets of Lebesgue measure zero, so-called singular distributions. Attaining
this generality entails, among others, a detailed consideration of the generalized inverse of probability
distribution functions.

A considerable portion of the work is dedicated to the equity calculus. This calculus is governed by
proportionality laws that relate individual incomes to averages of certain income ranges. Proportionality
laws exhibit certain systematic patterns. Various proportionality laws can be established and their Lorenz
curves can be derived in closed form for some of them. A one-parametric version of the Pareto distribution
is the lead. Up to date symbolic solution techniques are used. But not all proportionality laws lend to
closed form solutions. It is firmly believed that many proportionality laws and corresponding Lorenz
curves have not been published before.

Though there is an enormous body of literature on various aspects of the subject, only selected references
are given. These cover aspects which are considered as rather fundamental or interesting for their own
sake. Quite a few visualizations and most numerical computations were enabled by the free platform
Scilab [Sci].



2 Preliminaries

For every real-valued random variable X its distribution function is defined as F(xz) = P(X < z) for all
real numbers x. The values that a random variable may actually attain are often denoted as events. A
distribution function accumulates the probability of all events up to level z. Every distribution function
has the four properties of being increasing, right-continuous, lim,_, . F(z) = 1 and lim,_, - F(z) = 0.
The converse is also true which means that every function with the foregoing four properties entails a
real-valued random variable — even if the function is obtained from outside any probabilistic context.

For example, a random variable U which is uniformly distributed between zero and one has the distribution
function

1, if 2>1
Fyz)y=< =z, if 0<a<1
0, if z<0.

Two random variables X and Y having the same distribution is denoted by PX = PY and X ~ Y. Two
distributions are known to be equal if their distribution functions are equal at all arguments. Two or
more distributions being stochastically independent and identically distributed is abbreviated by i.i.d.
The end of a formal argument will always be denoted by a <.

3 A ”gentle” derivation of the generalized inverse for distribu-
tion functions

A distribution function may be invertible in the usual sense of function inversion or it may be not. If
not, the properties of being right-continuous and increasing — though not strictly increasing — allow to
establish a surrogate inverse which behaves like the ordinary inverse in many ways. This generalized
inverse is often introduced without derivation in the literature. In the following, such a derivation is given
in terms of plain probability.

Any real-valued random variable can be inserted into its own distribution function to yield another
random variable which attains only values between zero and one. Formally, a random variable X with
distribution function F always leads to a new random variable F'(X). When the distribution function is
invertible in the ordinary sense, the new random variable is uniformly distributed between zero and one;
F(X) ~ U. This can be seen in a straightforward manner by computing the distribution function of the
new random variable for all arguments u € (0, 1):

P(F(X)<u) = PF(F(X)) <F ' (u)
)

ol
23
B
EIA
E
— |

S

Also, the converse is true for invertible distribution functions meaning that inserting a zero-one uniform
random variable U into the inverse distribution function reproduces the original distribution; F~(U) ~
X. This can be seen by computing the distribution function of F~1(U) for all arguments x € IR:

P(FTI(U) <) = PF(FH(U)) < F(x)



Interestingly, this reproduction of the original random variable can also be obtained for non-invertible
distribution functions. It is therefore observed — still assuming invertibility — that the first two of the
foregoing equations hold not only in probability but as equality of sets:

{ul F7'(u) < 2} = {u]u < F(2)}.

The set equality can be written as the equivalence
Fl(u) <2 <= F(z) > u.
Suppose now that the inverse does not exist. Searching a function G with the reproduction property
P(G(U) <z) = P(U < F(z)) then motivates the equivalence
G(u) <z <= F(z) > u.

Thus, if such a function G exists at all, it must satisfy G(u) < z for all z with F'(z) > w. This implies
the lower bound inequality

G(u) < inf{z| F(z) > u}

for all arguments u € (0,1). The infimum itself is a candidate for function G, namely the largest. It
actually has the desired reproduction property, see theorem 1 below, and can hence be defined as the
generalized inverse.

Definition 1 For any increasing and right-continuous function F : IR — [0, 1] with limy;_, oo F(xz) =0
and lim, oo F(x) = 1 its generalized inverse is defined for arguments between zero and one by

F~Y(u) = inf{z| F(x) > u}.

The generalized inverse distribution function, also denoted as quantile function, indicates the minimum
size of events such that the probabilities of all events up to that size accumulate to a given probability
value u; when the given probability value cannot be met exactly — due to ”discretization effects” — it will
be exceeded by the smallest possible amount. Typical mappings of the generalized inverse are indicated
in figure 1. Ordinary and generalized inverse are identical if both exist, see below. Thus they will both
be denoted the same, unless a distinction is needed. Then the ordinary and the generalized inverse are
abbreviated by F \(u) and F, ! (u).

A finite distribution with probabilities P(X = z;) = p; > 0,4 =1,...,nand p1 + ... + p, = 1 over
sorted events x1 < ... < x, has the distribution function and generalized inverse distribution function
with respective arguments x € IR and u € (0,1)

0, if x<x
F(z) = pr+...+p, if z;<z<zyyfori=1,...;n—-1
1, if z, <z



Figure 1: Values of the generalized inverse for five points of its domain.

T, if u < pp
T3, if pr<u<pi+p

Tp—1, if pr4+...tpp2<u<pr+..pp
T, if pr+...4+pu1 <u.

4 Properties of the generalized inverse distribution function

Theorem 1 (”Reproduction property”)
Let X be a real-valued random variable with distribution function F and let U be uniformly distributed
between zero and one. Then F~1(U) ~ X.

Proof. It will be shown that the distribution functions of F~(U) and of X are identical.

P(F7Y(U)<z) = P(U<F(x)
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The second equation is nothing but the definition of the distribution function for U and the third equation
follows from Fyy(v) = v for all v € (0,1) so that the first equation remains to be shown. As in the derivation
section 2, the equality follows from the equivalence F~1(u) < z <= F(x) > «” which is verified next.

"4<=" F(x) > u implies F~!(u) = inf{w| F(w) > u} < x, because = belongs to the set over which the
infimum is formed.

"=" F~1(u) <z implies > F~1(u) = inf(A) = xo for A = {w| F(w) > u}.

Case 1: ¢y € A. Then F(zy) > u and, by monotonicity of the distribution function F(z) > F(x¢) > u.

Case 2: g ¢ A. Then exists a sequence (z;)22; C A with lim; ,oc 2; = 2o and z; > x for all i. Right-
continuity of F' then implies F'(z¢) = lim;_, o F(x;) > u. Monotonicity of the distribution function again
implies F'(z) > F(zo) > u. o

The reproduction property enables the inversion method in Monte-Carlo simulation to generate random
numbers of an arbitrary distribution from uniformly distributed random numbers. The method will



work whenever the generalized inverse can be computed explicitly. Note that the distributional equality
F(X) ~ U, which was the first considered in section 3, need no longer hold when the distribution function
is not invertible in the ordinary sense.

Lemma 1 (”Basic properties of the generalized inverse”)

1. F~YF(z)) < x for all x € IR.

F(F~Y(u)) > u for allu € (0,1).

Function F~1(u) is increasing (though not necessarily strictly increasing).
Function F~1(u) is left-continuous for all u € (0,1).

sup{z| F(z) < u} = inf{z| F(x) > u} for all u € (0,1).
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min{z| F(z) > u} = inf{z| F(z) > u} for all u € (0,1).

Proof. Part 1. Let xg be arbitrary and fixed with F(zg) = ug. Then

F7YF(z0)) = F Y (ug) = inf{z|F(z)>up}
= inf{z| F(z) > F(x0)}
< g, since zg € {x| F(z) > F(xo)}.

Part 2. Let ug be arbitrary and fixed between zero and one with F~1(ug) = x¢ = inf(A4) for A =
{z| F(x) > up}. If g € A (the infimum belongs to the set) then F(xq) > ug.

If xg ¢ A (the infimum does not belong to the set) then exists a sequence (z;)52; C A with lim; o 2; = 2o
and x; > xo for all i. Right-continuity of F' then implies F'(xg) = lim; o, F(2;) > ug.

So, in both cases F(F~!(ug)) = F(zg) > uo.

Part 3. When the argument increases, the set over which the infimum is formed reduces to a subset or
remains the same. Hence the infimum will either increase or remain steady.

Part 4. Tt suffices to show that lim,, oo F~'(u,) = F~!(ug) for an increasing sequence (u,)>%; with
limy, o0 Uy = ug < 1. Since u,, is increasing and bounded from above by ug, F _1(un) is increasing and
bounded from above by F~!(ug) so that it converges to ag with ag < F~1(ug). Assume ag < F~1(up).

Then F~Y(u,) = inf{x| F(z) > u,} < ap for all n. Thus u, < F(F~1)(u,) < F(ap) for all n according
to part 2. This, in turn, implies F'(ag) > up; otherwise there were ng with F(ap) < tn, < uo.

All in all this results in F~!(ug) = inf{z| F(z) > ug} < ap which contradicts the assumption.

Part 5. Let uyp € (0,1). Each element of the set B = {z| F(x) < ug} is a lower bound of the set A
(from the proof of part 2) and each element of A is an upper bound of B so that sup(B) < inf(A).
Assuming sup(B) < inf(A) yields the existence of some xy with sup(B) < xg < inf(A). If F(zg) < uo
then z¢ € B which leads to the contradiction xzy < sup(B) < xg and if F(xg) > ug then zo € A leads to
the contradiction zg < inf(A) < zo. Thus sup(B) = inf(A).

Part 6. As in the proof of part 2, right-continuity of F' implies F'(x¢) > ug for zq = inf{x| F(z) > ug}.
Thus zg € A so that the infimum is attained. o

In the light of lemma 1.6 it seems odd to use the less handy infimum rather than the minimum to express
the generalized inverse. Yet the arguments v = 0 and v = 1 may cause trouble for the minimum. In
neither case the minimum need to be attained so that the infimum notation is retained together with
the conventions inf(f)) = oo and inf(IR) = —oo. The generalized inverse can thus either be defined as
a function F~! : [0,1] — IR U {—00,00} via the infimum or as F~! : (0,1) — IR via the minimum.



More minimum formulations may be possible but that depends on the distribution function F' actually
attaining the values zero and one.

The situation of lemma 1.1 and 1.2 with genuine inequalities is illustrated by figure 2. The left part of
the figure also shows that a continuous distribution function may have a discontinuous generalized invers.
Every region of constant values strictly between zero and one causes the generalized inverse to have jump;
the jump height equals the width of the level region.

Figure 2: The generalized inverse maps every point of a constant region of the distribution function to
the infimum of that region (left, lemma 1.1). At a jump, an enclosed probability value is lifted to the
upper jump level (right, lemma 1.2).

Distributions functions and generalized inverses being increasing and continuous from one side (though
from different sides) makes them share a certain distinction property.

Lemma 2 (7Clear distinction property”)

If two distribution functions differ in only one point, they differ on a set of strictly positive Lebesgue
measure and if the generalized inverses of two distribution functions differ in only one point, they differ
on a set of strictly positive Lebesque measure.

Proof. The proof will only be given for generalized inverses as it is similar for distribution functions but
the result for inverses will be used below. Assume that Fy *(ug) # Fy '(ug) for some ug € (0,1). Then
the two inverses are different on an interval of values below ug which can be seen as follows.

Without loss of generality one value is the larger: Fi ' (ug) > Fy *(ug). This leads to a value ¢ = F; ! (ug) —
F5 (ug) > 0, see figure 3. Monotonicity and continuity of F; *(u) from the left imply that for /2 some
§ > 0 exists so that all u with 0 < ug —u < § satisfy 0 < F; '(ug) — Fy *(u) < £/2. Then

_ _ €
Frli(w) > F I(UO)_i
_ P () . Fy (o)
2 2

> Fy ' (uo)
> Fy Y(u) for all u < ug.

The last inequality follows from the monotonicity of the second generalized inverse. Altogether, the
generalized inverses differ on the interval (ug — §, ug]. o

Lemma 3 (”Relation between generalized and ordinary inverse”)
When the distribution function F is continuous and invertible in the ordinary sense, then the ordinary
inverse and the generalized inverse are equal over (0,1).
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Figure 3: Visualization of clear distinction property.

Proof. With A = {z| F(x) > u}, as in the proof of theorem 1, the generalized inverse F, .} (u) = xo =
inf(A) satisfies F(zg) > u. Each ¢ < zg (value below infimum) then fulfills ¢ A so that F(z) < u. A
sequence of values ,, < xo converging to g then satisfies u < F(xg) = lim, o0 F(2,) < u. The equality

follows from the continuity of the distribution function.

Thus u = F(z,) so that ordinary invertibility implies xo = F.,} (o). o

When the distribution function is not continuous, it has jumps but may still be invertible over its range.
The ordinary inverse then is a partially defined function only in contrast to the generalized inverse, see
figure 4.
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Figure 4: Distribution function with ordinary inverse which is not defined over [uy,us) so that it differs

from the generalized inverse; Fy., (u1) = Fy), (u2) = F L(uz) = zg and F, L (u;) is not defined.

Though x and F~!(F(x)) may be different when, for example, F is constant around x, yet another
application of the distribution function flattens out the inequality to equality. The same applies to the
inequality between u and F(F~!(u)). This clarifies the interplay between a distribution function and its
generalized inverse when the latter is not the ordinary inverse.

Lemma 4 (”Pointwise inversion’ formulas’)

1. F(z) = F(F~(F())).
2. F-Y(F(F~(w))) = F~(u).

Proof. Part 1. It can be observed that ( ) F71(F(z)) < x because of lemma 1.1 so that monotonicity of
the distribution function implies F'(F~1(F(z))) < F(z). (2) On the other hand, F(F~!(u)) > u according
to lemma 1.2, so hat inserting u = F(z) results in F(F~Y(F(z))) > F(z).

Part 2. Analogous. o

Lemma 5 (”Probabilistic inversion formulas”)



1. P(FYF(X))=X)=1.
2. P(X e F71(0,1)) = 1.

Proof. Part 1. P(F~Y(F(X)) = X) = P(F~Y(F(F~Y(U))) = F~Y(U)) = 1. The first equation holds
because of theorem 1 and the second because the equality in the set under consideration holds pointwise
according to lemma 4.2.

Part 2. P(X € F~1(0,1)) = P(F~1(U) € F7%(0,1)) = 1. The first equality follows, again, from theorem 1
and the second holds pointwise for all u € (0,1). o

Reversing the order of the generalized inverse and the distribution function may destroy their almost sure
opposing effect, since P(F(F~'(U)) = U) < 1 holds for discrete distributions.

5 Generalized inverse and order relations

A consequence of lemma 5 is that the distribution functions of X and F~!(F(X)) are always equal.
But when F is not invertible in the ordinary sense, the distribution functions of U and F(F~(U)) need
not be equal. Yet, the latter distribution function consistently lies below the former. This is denoted as
stochastic order.

Definition 2 Let F' and G(x) be distribution functions with F(xz) > G(x) for all x € IR. Then F(x) is
stochastically smaller than G(z) which is abbreviated by F' <gr G.

The stochastic order between distribution functions is, also, understood as order between distributions
and random variables.

Lemma 6 U <gr F(F~1(U)) ~ F(X).

Proof. The stochastic inequality follows from the pointwise inequality of lemma 1.2 and the distributional
equality follows from theorem 1. o

The relation between the distribution considered can now be completely summarized in table 1. The
stochastic order decreases to identity whenever the distribution function is changed to become invertible
in the ordinary sense. Thus, the order can be considered as an indicator of "non-invertibility”; it does
not indicate magnitude of events. In particular, the difference EF(X)— EU = EF(X) —1/2 can be used
as a crude measure of non-invertibility.

F has ordinary inverse F has generalized inverse only
U~ F(X) U <gr F(X) with U # F(X)
FLU)~X FYU)~X

Table 1: Relation between random variable X with distribution function F' and random variable U
uniformly distributed between zero and one.

For an example, X is taken as a finite distribution with probabilities P(X = 3) = 0.2, P(X =5) = 0.5
and P(X =9) = 0.3. Then F(X) also has a finite distribution with probabilities P(F(X) = 0.2) = 0.2,
P(F(X) =0.7) = 0.5 and P(F(X) = 1) = 0.3. Thus EF(X)—EU = 0.2-0.240.5-0.7+0.3-1—0.5 = 0.19.
The distribution function of F(X) is shown in figure 5.
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Figure 5: The distribution function of F(X) lies below that of U except at finite many points over the
relevant domain [0, 1].

Lemma 7 ("Inverted order for the inverses”)
Let F and G be distribution functions with F(x) < G(z) for all x € IR. Then their generalized inverses
are inversely ordered meaning that G=t(u) < F~1(u) for all u € (0,1).

and C = {z| G(z) > u} are related by A C C since F(z) > u implies

Proof. The sets A = {z| F(z) > u}
) < inf(A) = F~(u). o

G(x) > u. Thus G~ !(u) = inf(C

Theorem 2 (”Approzimation of generalized inverse from above”)

Let (F,, ()52, be a sequence of continuous distribution functions with ordinary inverses that converges
for all real values © decreasingly (”from above”) to a distribution function F(x) with generalized inverse
only. Then lim,,_, o F, 1 (u) = F~(u) for allu € (0,1).

Proof. F,(z) > F,41(x) > F(z) for all n and all real values z implies ;! (u) < F,,; .}, (u) < F~1(u) for all
n and all u between zero and one. Thus, the sequence (F, 1 (u))3%; is increasing and bounded for each u so
hat it converges with lim,, o, F,; 1 (u) < F~(u). Assuming that g = lim,, o F,; 1 (u) < F~1(u) implies
that F;'(u) < ag so that, exploiting ordinary invertibility and monotonicity of each approximating
distribution function leads to u < F,,(«ap) for all n. This implies lim,, o Fy,(g) > u.

Now u > F(ag) which can be seen by setting F~1(u) = inf(A) = a with A = {z| F(z) > u}. Hence
ap < a (ap below infimum of A) implies ap € A so that F(ag) < u.

All in all, this leads to lim, o Fr(ag) > u > F(ap) which contradicts pointwise convergence of the
distribution functions towards their limit function at aq. o

The limiting process from theorem 2 can be used for an alternative definition of the generalized inverse
provided that an approximating sequence from above by continuous and invertible distribution functions
always exists. This will be discussed below and one form of the alternative definition of generalized
inverses is

FL(u) = sup{G_ 1 (u)| G continuous distribution function, ordinarily invertible and G(z) <sr F(z)}.

gen ord

Without approaching from above, a sequence of distribution functions with ordinary inverses converging
to a distribution function with generalized inverse only, need not converge to the generalized inverse



for every argument. This even so, when all approximating distribution functions lie below the limiting
distribution function. Formally, it is possible to have

1. F,(x) < F(z) for all n and all z,
2. lim,, o F(z) = F(z) for all

3. but lim,, o F,; 1 (u) # F~(u) for some arguments u € (0, 1).

A situation with all three properties is sketched in figure 6.

Figure 6: The approximating functions replace the distribution function F(z) over its level region [a, ]
and slightly to the left by a strictly increasing line segment. When the left boundary of the replacement
converges to a, then lim,,_, F,,(x) = F(z) for all  but lim,, o, F}, *(ug) =b > a = F~(up).

6 Generalized inverse and computations

Though the generalized inverse distribution function may appear to be unhandy and static at first sight,
it allows some computations.

6.1 Generalized inverses from generalized inverses

Transformations of variables may lead from distribution functions to other distribution functions or from
their generalized inverses to other generalized inverses. Variable transformations may apply, in the first
place, to distributions functions and inverses.

A strictly increasing and continuous function S : IR — IR with S(IR) = IR leads to a distribution function
Fy(x) = Fy0S(z) when Fy(z) is a distribution function. The generalized inverse is F; ' (u) = S~ o Fy * (u).
A prominent example is positive affine scaling with S(z) = a-x for some constant o > 0. The generalized
inverses then are related by Fy !(u) = 1/a - F; *(u).

Whenever the function T : [0,1] — [0, 1] is increasing and continuous with 7'(0) = 0 and T'(1) = 1, the
function F~!oT(u) is a generalized inverse provided that F~!(u) is. A noticeable example is T'(u) = /u.
Function F~1(y/u) then is the generalized inverse distribution function for the maximum of two i.i.d.
random variables.

Fraz(z) = P(max{X;, X2} <1x)

= P
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Now it can be seen that operations on a distribution function may find their counterparts as inverse
operations on the argument of the generalized inverse.

Fras(u) = inf{z| Fpo(z) > u}

inf{x| F*(z) > u}
inf{z| F(z) > Vu}
- Fl(va).

6.2 Generalized inverse of the generalized inverse

In analogy to the generalized inverse of distribution functions, generalized inverses themselves can be
inverted leading to distribution functions. This however, requires to define the generalized inverse for
generalized inverses in a slightly different manner as generalized inverses themselves. As the construction
will, later, be needed only for non-negative random variables, only generalized inverses with non-negative
values are considered.

Definition 3 (”Generalized inverse of generalized inverses”)
For any increasing and left-continuous function ¢ : (0,1) — IR> its generalized inverse is defined for real
arquments by

_ [ sup{ulp(u) <z andu e (0,1)}, if >0
‘pl(x)_{o, if ©<0

The definition is adopted from appendix B of [IK] with the convention sup(f)) = 0. Proofs for the general-
ized inverse of the generalized inverse are restricted to essentials since they work by merely interchanging
supremum with infimum and reversing inequalities in proofs for the 'ordinary’ generalized inverse.

Lemma 8 (”Generalized inverse of a generalized inverse is a distribution function”)
Let ¢ : (0,1) = IR> be increasing and left-continuous. Then p~1(z) has the following properties and, in
particular, is a distribution function according to properties 2, 3 and 4:

1 gl l(z) <a.

2. limg oo o H(x) = 0 and lim, o, o~ (z) = 1.
3. o~ Y(x) is increasing.

4. p~1(x) is right-continuous.

Proof. Part 1. For fixed z consider p~1(x) = sup{u|¢(u) < x} = up with C = {u|p(u) < x}. Ifug € C

then ¢(ug) < x. If ug € C then there is an increasing sequence (u,)>2; C C' with lim, oo un = ug.

Left-continuity of the given function then implies ¢(ug) = lim, o0 ©(uy) < .

So, in both cases, p(¢ 1 (z)) = ¢(uo) < .
Parts 2 and 3. Obvious.

Part 4. It suffices to show that lim, .. ¢~ ' (z,) = ¢ 1(x¢) for a decreasing sequence (x,)%%; with
lim,, 00 T, = . Since x, is decreasing and bounded from below by zg, ¢~ 1(x,) is decreasing and

bounded from below by ¢~!(x¢) so that it converges to By with By > ¢~ !(z). Assume p~1(xq) < fo.

11



Then By < ¢~ (x,) = sup{u|p(u) < x,} for all n. Thus ¢(By) < (e~ (z,)) < x, for all n by part 1.
This, in turn, implies p(By) < o; otherwise there were ng with ¢(5y) > zn, > xo.

All in all this results in =1 (xg) = sup{u|p(u) < w9} > By since u = By is a feasible setting in the
supremum. This contradicts the assumption. o

The inequality from lemma 8.1 corresponds to F~1(F(z)) < x as stated in lemma 1.1.

Theorem 3 (”The generalized inverse of a generalized inverse is the original function”)

1. When F(z) is a distribution function over [0,00) with F(0) =0 and when p(u) = F~1(u), then

for all x > 0.

2. When ¢ : (0,1) — IR> is a left-continuous and increasing function with inverse F(x) = ¢~ (z),
then

for all w € (0,1).

Proof. Part 1. Case 1. F(z) = uy is attained once. Then F~!(uy) = 2 and monotonicity of the generalized
inverse distribution function implies sup{u| F~!(u) < x} = ug = F(x).

Case 2. F(z) is attained more than once. Monotonicity of the distribution function implies that uy =
F(z) is attained over some interval and right-continuity of the distribution function implies that the
lower interval boundary belongs to that interval. The lower interval boundary equals F~!(ug). Then
sup{u| F~Y(u) < 2} = ug = F(x).

Part 2. Analogous to part 1. o

It is important to note that the two inversions in theorem 3 are defined differently. Still, with all
due caution, the foregoing reproduction results allow the mnemonic notations (F _1)_1(x) = F(z) and
(67" (W) = p(w)

Infimum and supremum are suited to reverse one-sided continuity for monotone functions without inver-
sion. This means that whenever F'(z) is increasing and right-continuous, F'*(z) = inf{F(y)|y > z} is in-
creasing and left-continuous. And when F'(z) is increasing and left-continuous, F~ () = sup{F (y)| y < z}
is increasing and right-continuous. F~(x) = F(z) = F*(z) for all continuity points of F(z). When
F(zx) is increasing then F~(z) < F(x) = F*(z) whenever the function is right-continuous in = and
F~(z) = F(z) < F*(z) whenever the function is left-continuous in z. The infimum leaves an increasing
and right-continuous function F(x) unchanged: F*(z) = F(z) for all z. And the supremum leaves an
increasing and left-continuous function F'(z) unchanged: F'~(x) = F(x) for all x.

These relations illustrate that generalized inversion of distribution functions and the ”opposing” func-
tion inversion are based on infimum and supremum rather than both being based on the same. When
distribution functions are defined as being increasing and left-continuous, see [Ba], generalized inversion
is still possible. All relations between increasing left-continuous and right-continuous functions and their
inverses are depicted in the commutating diagram figure 7.
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inversion
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left-continuous
inverses

Distribution functions
(right-continuous)

F F

right-continuous
inverses

left-continuous

lized distribution functions
generalize

inversion

generalized
inversion

Figure 7: Relation between generalized inversion and exchange of infimum and supremum.

6.3 Generalized inverse and expectation values

The expected value of a discrete finite distribution over the support points z; with probabilities P(X =
;) =p; >0,i=1,...,n admits the two complementary notations

EX = > x;-P(X =)
=1

= > F'm) ps
=1

The geometry of both formulas is the same as illustrated in figure 8. A similar formula applies to arbitrary

real-valued distributions as long as expectations are finite. That formula is illustrated in figure 9 and stated
as the next result.

Theorem 4 (”Ezxpectations from the generalized inverse distribution function”)

13



N

P,

Py

Figure 8: Expected value of a finite discrete distribution computed from stripes of the distribution func-
tion.

1. EX = [} F\(v)dv.
2. E(X|X <F~Yu) = [, F~*(v)dv for allu € (0,1).

Proof. Part 1. The proof is based on the general transformation theorem for measures, see [Ba, p. 95]

/Qfonu:/T(m Fd(Top).

The particular settings

T F1

p = PY
flz) = =z

Q0 (0,1)

result in

F71

/ FtapY :/ 2d (P ()
(0,1) F-1(0,1)
= / x dPX(z)
F=1(0,1)

/RdeX(x).

The second equation follows from theorem 1 and the third from lemma 5.2, since IR — F~1(0,1) is a set
of PX-measure zero and, thus, does not contribute to the integral. This allows to verify the intended
equation via
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positive area

negative
area

Figure 9: Exponential distribution function F(z) = 1 — exp(—=A - (x + 1)) for > —1 and F(z) = 0 for
r < —1 with parameter A = 0.7. The expected value equals the sum of the shaded areas with positive
(negative) contribution to the right (left) of the ordinate axis.

7 Income distributions

7.1 Introduction of Lorenz densities and Lorenz curves

When X denotes incomes, the equality P(X < x) = P(X < F~}(F(z))) of lemma 4.1 means that the
accumulated probability of all incomes up to level x is equal to the accumulated probability of all incomes
up to level only F~1(F(z)). Intuitively, the generalized inverse indicates the minimum income level such
that the probabilities of all incomes up to that level accumulate to a given probability value u. Averaging
the minimum income levels for all probabilities up to value u is the basic idea of the Lorenz curve. A
tentative, proportional law is

L(u) ~ /Ou Fl(w)dv=EB(X|X < F7'(u)).

Normalization by the expected income which is assumed, from now on, to be finite and strictly positive,
makes the minimum income values independent from absolute income levels. Integration will then yield
the Lorenz curve [G] and this proceeds along a certain density function.

Definition 4 The Lorenz density (of a distribution) is the generalized inverse distribution function
. _ F~ (w)
normalized by the expected value f(u) = 7f01 e

Definition 5 Fvery distribution (function) induces, via the Lorenz density, a Lorenz curve which is
the function

L(u) = /Ou f) dv.

15



Obviously, the Lorenz curve can be written as

o F'wdv  B(X|X < FY(w)
fl F~1(v)dv B EX .

So far, the generalized inverse was neither defined at zero nor at one. Any finite values by which the
generalized inverse might be continued in the boundary points will not alter the integrals so that the
Lorenz curve can be considered as a function defined on [0, 1] with L(0) = 0 and L(1) = 1. To avoid trivial
complications, the extra assumption will be made that all incomes are non-negative (almost surely). As
these assumptions on underlying incomes are quite important, they are stated again and referred to as
”general assumptions”:

1. 0 < EX < 0.
2. X >0.
The second condition is equivalent to F'(z) = 0 for all x < 0. Under these assumptions, each value of a

Lorenz curve admits the interpretation of being the ratio of two areas above the distribution function as
indicated in figure 10.

0.9

0.8+

0.7+

0.6+

0.5+

0.4+

0.3+

0.2+

0.1+

0.0 T
-1

Figure 10: Exponential distribution function F(z) = 1 — exp(—A-z) for £ > 0 and F(z) =0 for z < 0
with parameter A = 0.7. The value of the Lorenz curve for u = 0.65 is the ratio of the dark area over the
sum of the dark and the light area.

As a simple example, all incomes are supposed to be equal so that the income distribution is a one-
point distribution. The Lorenz curve is then linear which is now computed from the definition. Thus, the
definition turns out to be operational even if the generalized inverse consists only of jumps and constant
segments. A one-point distribution with single income level xg has the distribution function and the
generalized inverse

0, if z<ao 1 .
F(x)—{ L i mp<a F7(u) = xo for all u € (0,1).
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The Lorenz density and the Lorenz curve are now easily computable as, respectively, a constant function
and the main diagonal of the unit square

F~1(u) zo

folF_l
L(u) = /Ouf(v)dv = /Ouldv

|
&

For a two-point distribution with strictly positive income levels z7 < 25 and probabilities P(X = x;) =
p1 > 0 and P(X = x2) = ps > 0 the generalized inverse is

F—l(u) _ Z1, if u S P1
To, if p1 < w.

Lorenz density and Lorenz curve are

1 r1, fu<
f(u) = ' ! if P
P1%1 + P22 T2, 1 p1<u
L) = ———— i usp
p1x1 + pPoxa pra1+ (u—p1)xe, if p1<u

The Lorenz curve is piecewise linear with increasing slope since z; < x2, see figure 11.

P11
P1 z1+p2 T2

Figure 11: Lorenz curve induced by a two-point distribution.

For a uniform distribution over the interval [a, b] with 0 < a < b the distribution function and the inverse
are given as

0, if z<a
Fl)=¢ (x—a)/(b—a), if a<2z<b , Flu)=a+ (b—1)-u for all u € (0,1).
1, if b<z
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Now, Lorenz density and Lorenz curve are

fl) = 1a+(b—a)-u _ a+(ljl:ba)~u
Jo a+(b—a)-vdv =
u “a+(b—a)-vdy au+ 2592
o = [ rwa = o0 S Uh e
2 2

Beginning with a distribution function, the Lorenz curve is always, in principle, derived along the following
steps. Whether the Lorenz curve can be obtained in closed form depends on the generalized inverse and
the integrals over it being explicitly computable.

’Distribution function F(x) ‘

T
’ Generalized inverse F~1(u) ‘
T

Lorenz density F' ()

fol F~1(v)dv

7

Lorenz curve L(u)

. fou F~1(v)dv
- fol F~1(v)dv

7.2 Some properties of Lorenz densities and Lorenz curves
Lemma 9 (”Elementary properties of Lorenz curves”)

1. L(0) =0 and L(1) = 1.

2. The Lorenz curve is continuous over [0,1].

3. The Lorenz curve is convez over [0,1].

Proof. Part 1. trivial.
Part 2. Case 1: € [0,1). When (z,,)22; converges to x then, eventually, z, < 1/2-(x +1) =2 < 1 and

| " fwydu- / o

A
B
|
8
3
Kﬁ-
—~
g
)
W
—
8

3
8
—
N~—

IN
B}
|
IS
s
-
—~
O
1
o
o
53
3
1
8
bl

Both inequalities follow from every Lorenz density being increasing, according to lemma 1.3 and non-
negative according to the general assumptions.

Case 2: = 1. When (z,)72; converges to 1 with all x,, < 1, the functions f,(z) = f(z) - 1jo.z,)(2)
converge to f(x) pointwise and, thus, almost surely on (0, 1). They also satisfy the majorization condition
fn(x) < f(z) for all arguments. Thus, the dominated convergence theorem [Ba, p. 77] implies
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1
0

/Ox* f(z)dr = /01 fn(2)dx —>/ f(z)dz (n — o0).

Part 3. Since L is continuous, it suffices to verify L(*$%) < I L(u)+ 4 L(v) for all u, v € [0, 1]. (Belastbare
Quelle hierfuer). The function increments A = L(v) — L(*$*) and B = L(*$*)— L(u) are now considered

for 0 < u < v < 1. They increase, see figure 12, since

u+v
2

B = ("% Lw) = A ﬂwa—Auﬂwa
— [ jwaw
— 1; (w—v;u)dw
< ;f(w)dw
= ’ w w — uTM w w = V) — u+v =
= [ twae= [T e = 1) -0 - 4

B < A
L) - L) < L) - L")
:>2.L(“‘2”’) < L(uw)+ L)

LAEY) < L L)y L),

Figure 12: Increasing function increments of Lorenz curve.

The elementary properties of Lorenz curves have a few simple and some deep consequences. A simple
consequence of properties 1 and 3 is that each Lorenz curve lies in the lower right triangle of the unit
square. Another simple consequence is that each Lorenz curve is increasing though not necessarily strictly
increasing as the Lorenz curve may attain value zero on some interval. All values different from zero are
attained exactly once.

A less known, yet immediate consequence of its monotonicity is that each Lorenz curve is differentiable
with the exception of, at most, a set of measure zero. This is due to a theorem by Lebesgue. A deep
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consequence of its convexity is that every Lorenz curve is absolutely continuous which ensures a cer-
tain compatibility between integration and differentiation even if the Lorenz curve is not everywhere
differentiable.

Definition 6 A function ¢ : I — IR with I C IR is absolutely continuous if for every e > 0 exists
d > 0 such that for any finite collection of pairwise disjoint intervals (a;,b;) C I with i € K and

Y iek bi —a; <9 it is true that
Z |o(bs pla;)| <e.

€K

As a preparatory step, a result for convex functions applies to Lorenz curves

Lemma 10 A Lorenz curve is absolutely continuous on every closed subinterval of (0,1), its derivative
exists almost everywhere and allows the representation L(u) f L'(v)dv forall0 <w < u < 1.

Proof. Continuity of the Lorenz curve implies absolute continuity on every closed subinterval of (0,1)
according to [Roy, p. 109]. The derivative then exists almost everywhere [Roy, p. 105] and allows the
integral representation according to [Roy, p. 106]. o

Continuity of a Lorenz curve in zero and one imply that the integral representation also holds there so
that L(u fo L'(v) dv for all 0 < u < 1 which can be verified by dominated convergence as in the proof
of lemma 9.2.

7.3 Characterizations of Lorenz densities and Lorenz curves

Theorem 5 (”Characterization of Lorenz densities”)
Lorenz densities are exactly the left-continuous and increasing functions f : (0,1) — IR> with normaliza-

tion condition fol flu)du=1.

Proof. ”=". Lorenz densities are increasing according to lemma 1.3, left-continuous according to lemma 1.4
and the normalization holds by definition. Also, a Lorenz density attains only non-negative values. If
strictly negative at some point ugy, monotonicity would lead to strictly negative values over the whole
interval (0, ug) which implies L(ug) < 0.

"<, The generalized inverse function f~! in the sense of definition 3 can be considered as a distribution

function F' of a non-negative random variable according to lemma 8. The generalized inverse of this

distribution function is the original function according to theorem 3.2 so that f(u) = F~!(u) for all
€ (0,1). The Lorenz curve of X thus is

fou F~1(v)dv Ou ) dv v
L = = == d .
R L f; o
Thus, f is a Lorenz density. o

Theorem 6 (”Characterization of Lorenz curves”)
Lorenz curves are exactly the convex and continuous functions L : [0,1] — [0,1] with boundary values
L(0)=0and L(1) =1
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Proof. ”=". See lemma 9.

7<=, Similar to the appendix B of [IK] it is argued that convexity suffices for L having a left derivative
L’ on (0, 1] which is increasing and left-continuous there, see [Roc, theorem 24.1]. Though, also, the right
derivative exists on [0,1) and is right-continuous there, the right derivative is not considered.

Note that the derivative of L exists almost everywhere and allows the integral representation as in
lemma 10 and the remark following it. This is essentially due to the continuity of L. This ensures the
existence of a left-continuous and increasing function f such that f(u) = L’ (u) almost everywhere and
L(u) = [y f(v)dv. In particular, continuity of function L at one results in the normalization condition

1=L(1) = [, f(v)dv.

Thus, theorem 6 becomes applicable guaranteeing the existence of a distribution function F(z) = f~!(z)
so that F~1(u) = f(u) and

B Jof F=Y(w) dv
L(u) = W.

Theorem 6 is sometimes denoted as duality between Lorenz curves and distribution functions. Theorem 5
may be considered so as well and when Lorenz curves are different, then their distribution functions are
different as well. Yet the converse is not be true, but allows only little ”slack”.

Theorem 7 (7Affine uniqueness”)
Two random variables X1, Xa induce the same Lorenz curve if and only if they are positive affinely scaled
which means that a real value o > 0 exists such that Xo = - X;.

Proof. 7<=, Positive affine scaling of random variables carries over to positive affine scaling of the values
of generalized inverses, see section 6.1. Thus

fou Fyt(v) dv B fou 1/a- FyHv)do

Jo Fytw)de [ 1a- Fyl(v)do

Lo(u) = = Ly (u).

”=". It will be shown that when EX; = EX5 and Li(u) = La(u) for all uw € (0,1) then Fy(z) = Fy(x)
for all z.

Assume Fy(xg) # Fo(xo) for some xg > 0. Then there exist ug € (0,1) such as ug = 1/2- (Fy(xo) + Fa(xo))
so that F; *(ug) # Fy *(uo). Thus, without loss of generality Fy *(uo) > Fy *(uo). The clear distinction
property of lemma 2 implies the existence of some ¢ > 0 so that F; (u) > F; ' (u) for all u € (ug — 6, ug),
see figure 3. Integration over the given interval of positive length and equality of the expectations results
in

u0—6 1 u0—5 2
EX, EX,

[ Fr (v)dv>f ¢ Fy (v)dv'

Equality of the Lorenz curves at the lower integration bound results in

ug—39 —1 ug—0 -1
T Fr(w)dv Fy (v)dv
Ll(’uo—é)— EX1 = EX2 —LQ(UO_(S).

Adding the integrals results in the strict inequality

Jo Frt(v) dv o0 Fy 't (v) dv
Ll(uo) = EX, > EX, = LQ(’LL()).

21



This inequality contradicts the pointwise equality of the two Lorenz curves. o

The correspondences between Lorenz curves, Lorenz densities and distribution functions are wrapped up
in theorem 8 and visualized in figure 13.

Theorem 8 (”Correspondences”)

The class of Lorenz curves is related to the class of Lorenz densities by a one-to-one correspondence
and, also, there is a one-to-one correspondence between the class of Lorenz densities and the class of
distribution functions of non-negative random variables with expectation one.

Lorenz curves Lorenz densities Distribution functions
with expectation 1

Figure 13: One-to-one correspondences between Lorenz curves, Lorenz densities and distribution func-
tions.

7.4 Lorenz curves for all distributions

According to the Lebesgue decomposition theorem [E], each probability distribution can be expanded as
a convex combination of a discrete distribution, a distribution with Lebesgue density and a distribution
assigning all its mass to an uncountable set of Lebesgue measure zero; P = - P;+ 8- P, + 7 - Py for
0 < a,B,y with a+ 8+ v = 1. The discrete distributions and those on an uncountable set of Lebesgue
measure zero are sometimes summarized as singular (with respect to the Lebesgue measure).

A Lorenz curve for a distribution over an uncountable set of Lebesgue measure zero will be discussed
for the Cantor distribution. The Cantor distribution attains values in the Cantor set which is iteratively
defined from the closed unit interval. The closed unit interval is denoted as Cyp = [0, 1] in this context and
the open middle section is removed to result in the set C; = [0,1/3] U [2/3,1]. The open middle interval
of both intervals are removed to result in a union of four closed intervals Cy = [0,1/9] U [2/9,3/9] U
[6/9,7/9] U [8/9,1]. The process of removing open middle intervals is repeated to result in a doubling
number of closed intervals that are retained in each iteration. The union of these intervals in each iteration
n admits the iterative description

These sets are denoted as pre-Cantor sets and the Cantor set is defined as the intersection of all its
pre-Cantor sets

C= ﬁ .

n=0
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As a third of each set if removed in each iteration, the contributing sets have Lebesge measure A\(C,,) =
2

(2)",n=0,1,...so that the Cantor set indeed has measure zero A(C) = lim,,(2)" = 0. Every element

of the Cantor has a ternary representation using only digits zero and two: x = Z?zl gt € C if and only
if x; € {0,2} for all i. Note that the maximum value of the Cantor set admits such a representation since

1 =(0.222...)5. The ternary representation of numbers allows to verify that C is uncountable.

A distribution function can be assigned to every pre-Cantor set by F,(z) = A([0,2] N C,,). These pre-
Cantor distribution functions are continuous everywhere and solely consist of linear segments which have
either slope zero or (%)" All slanted segments have the same length while constant segments may have
different lengths. A pre-Cantor distribution function assigns equal probability to all equally sized subsets

of the underlying pre-Cantor set.
The limit over the pre-Cantor distribution functions is the Cantor distribution function

F(z) = lim F,(z) = X([0,2] N C).

n—oo

The Cantor distribution function is continuous everywhere, differentiable almost everywhere with deriva-
tive zero almost everywhere but not absolutely continuous. One pre-Cantor distribution function and the
Cantor distribution function, also called devil’s staircase, are sketched in figure 14.

0.8

0.6

0.4

0.2~

0.2 0.4 0.6 0.8 1.0

Figure 14: pre-Cantor distribution function for n = 10 (left) and constant segments of the Cantor distri-
bution function (right).

Due to symmetry, the random variables X,, and X with pre-Cantor distributions and Cantor distribution,
respectively, all have the same expectation EX,, = EX = 1/2, n = 0,1,.... The Lorenz curves of the
first three pre-Cantor distributions are

Lo(u) = u?
242, if 0<u<0.5
Ly(w) = {§u2+§u§, if 0.5<u<1
§u2, if 0<u<025
Su?+2u— L, if 025<u<0.5
La(u) §u2+%u—1—l§, if 0.5<u<0.75
gul+gu—z2, if 0.75<u<l1

These Lorenz curves are shown in figure 15. It is conjectured that the pre-Cantor distribution are in-
creasingly unequal in the sense L,,11(u) < Ly, (u) for all w € [0,1] and n =0,1,....
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Figure 15: Lorenz curves of the pre-Cantor distributions for n = 0 (top), n = 1 (middle) and n = 2
(bottom).

When a pre-Cantor distribution function has a constant segment at level k/2™ for some k € {1,...,2"—1},
then the pre-Cantor Lorenz curve is not smooth at this point. More important, the pre-Cantor Lorenz
curves do not change values at this point any more when the approximation index increases.

Lemma 11 When F,(z) = k/2™ for different values x, some n and some k € {1,...,2" — 1}, then
Ln(£) = Lypt1(g5) = ... = L($).
n\gn n+1\{gn on

Proof (Sketch). The result follows from fok/zn Fl (u)du = fok/zn F, ! (u) du which can be seen from

figure 16. o

In principle, as a consequence of lemma 11, the Lorenz curve of the Cantor distribution can be computed
explicitly at inverse powers of two and multiples thereof. Sample values are

7.5 Lorenz curves from Lorenz curves

The product of any two Lorenz curves is a Lorenz curve so that, in particular, L(u) - u is a Lorenz curve
whenever L(u) is. Also, every convex combination of two or more Lorenz curves is a Lorenz curve. In
addition, reflection along the minor diagonal w = 1 — u for 0 < u < 1 leads from a Lorenz curve to its
reflected Lorenz curve L™ (u) = 1 — L™Y(1 — u).

A more subtle construction is to consider a Lorenz curve as a distribution function and to construct its
own induced Lorenz curve. This process is repeatable and can be shown to have a fixed point which is

the polynomial Lorenz curve L(u) = v9 with golden section parameter g = 1+T‘/5
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Fn+1(x)
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Figure 16: The integral values over the interval [0,%k/2"] are equal for both pre-Cantor distribution
functions because of symmetry. (The meaning of the integral in terms of Lorenz curves is illustrated by
figure 10).

7.6 Lorenz curves induced by finite and infinite variance distributions

Least unevenness of an income distribution is obtained by the Lorenz curve lying on the main diagonal
which is obtained for the one-point distribution: all incomes are equal. This distribution has zero variance
so that, trivially, it has finite variance. On the other hand, Lorenz curves of finite variance distributions
can approximate the most uneven limiting case. Even more, the variances of such approximations may
be uniformly bounded which means that parametric distributions exist with

1. Var.X < M for some constant M > 0 and for all € € (0,1) and

2. lime_y0 Le(u) = 0 for all w € [0, 1).

This means that variability as expressed by Lorenz curves is unrelated to inducing distributions having
finite or infinite variance. Two-point distributions with uniformly bounded variances suffice for approxi-
mating the most uneven limiting case. Therefore, support points and probabilities are considered as

vy =x1(e) =2 withpy = pi1(e) =1—¢

Ty = wa(e) = Ve with po = pa(e) = ¢

for € € (0,1). Then 0 < x1(g) < x2(e) < 1 for all considered €. So, all realizations of a random variable
X with these support point pairs lie between zero and one and hence, all realizations of X2 do as well.
Thus Var X = E.X? — (E.X)? < E.X2 <1 for all ¢ € (0,1).

Also, the points where the Lorenz curves of the two-point distributions change slope converge to the right
lower corner of the unit interval. The change points have the coordinates, see figure 11

P1 (5)
P(e) = ( pi(e) 21 () ) .
p1(e) 1(e)+p2(e) z2(e)

Now, pi1(e) =1—¢e =1 (¢ — 0) and
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pi(e) 71(e) (1-¢)e?
pi(e) w1(e) + p2(e) 22(e) (1—c)e2+e/e
(1-e)ve

= —————~— =0 (e—=0).

(1—e)ye+1

This completes the example, see figure 17. It is slightly remarkable that he Lorenz curves indicate ever
larger unevenness though both support points converge to zero so that the two-point distributions con-
verge to a one-point distribution that has no unevenness at all. Ever increasing unevenness of the Lorenz
curves is partially explained by the ratio of the larger income level over the smaller tending to infinity:
za(e)/z1(e) = VEje?2 = 1/(\/e-€) — oo (e — 0). This drags the change point downwards. Addition-
ally, the probability of the smaller income level tends to one which drags the change point to the right
boundary.

p1(e) z1(e) 1
pi1(e) z1(e)+p2(e) z2(e)

N

T

p1(e) i

Figure 17: Lorenz curves induced by two-point distributions so that the change points P(g) converge to
the lower right corner of the unit square for ¢ — 0.

Is the converse also true which means that the main diagonal can be approximated by Lorenz curves of
infinite variance distributions?

8 Equity calculus

A notion of relative poverty considers an individual to be poor if his income falls short of some given
fraction of the average of all incomes. The fraction may by 50% or else. This perspective is now extended
to all income levels: every income is supposed to be proportional to the average of all larger incomes. The
proportionality factor is denoted as equity parameter ¢ and it ranges throughout (0,1]. The following
calculus is suited for normative and descriptive views alike and it is governed by the given proportionality
assumption and variations thereof.

As individual incomes are proportional to the Lorenz density, the desired proportionality law can be
stated in terms of a Lorenz curve and its derivative. More precisely, differentiable Lorenz curves with the
desired proportionality law satisfy the linear inhomogenous differential equation

11— L(u)

L'(u) =
(w)=e ——
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The solution is
L(u)=1-(1—-u)®.
This Lorenz curve belongs to a Pareto distribution with single parameter €. In general, the Pareto

distribution is two-parametric with shape parameter a > 0 and range parameter z,, > 0. Density and
distribution function are

a-(1/zy)~ -zt if 2>,
) if <z,

0
1— ()% if z>ap,
0, if x <y,

The Pareto distribution is a so-called heavy-tail distribution so that expectations, variances and higher
moments may not be finite. The expectation is only finite for shape parameters o > 1 and then has
the value z,,a/(a — 1). The variance is only finite for larger shape parameters o > 2 and then has the
value 22, a/((o — 1)?(ar — 2)). Interestingly, the Lorenz curve of the two-parametric Pareto distribution is
independent from the range parameter and only depends on the shape parameter L(u) = 1—(1 —u)_l/ atl
with a > 1. All two-parametric Pareto distributions with same ratio of minimum income over mean income
have the same Lorenz curve which is in accordance with theorem 7. The ratio equals xﬁﬁ (a—1) =
—1/a+1.

Within the equity calculus, the two parameters of the Pareto distribution are always coupled in the
following way: the range parameter is set equal to the equity parameter which indicates the minimum
income; z,, = €. The shape parameter is then adjusted so that the expected income becomes one; =< =1
< a=1/(1-¢) < e¢=—1/a+ 1. A one-parametric Pareto distribution is thus singled out from the
two-parametric Pareto distributions by the ratio of minimum and mean income being equal to the equity
parameter. Though the one-parametric Pareto distributions form a proper subset of the two-parametric

Pareto distributions with finite mean, they have identical sets of Lorenz curves.

The two-parametric Pareto distribution with shape parameter greater one is the only so that each income
is proportional to the average of all larger incomes. This has been shown by a differential equation for
the distribution function [C, p. 155]. The same result is obtained by the differential equation for the
one-parametric Lorenz curve only when the equity parameter does not exceed one. The reason is that
these Lorenz curves are representative for all two-parametric Pareto distributions with shape parameter
greater one.

From now on, the Pareto distributions are understood to be one-parametric. For equity parameters strictly
smaller than one, the income density and the distribution function are, respectively

, if x<e

m

{ L 1/(-0) . gl/(e=D=1 §f g >

_ (%)1/(8_1)’ if » Z c
, if z<e

O = O

Flz) = {

This one-parametric Pareto distribution has finite mean value one for all equity parameters 0 < ¢ < 1
and it has finite variance (1 — £)?/(2¢ — 1)) only for equity parameters 0.5 < ¢ < 1. The case ¢ = 1 is
given separately by a single point distribution. A Pareto density and a distribution function are sketched
in figure 18.
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Figure 18: Density (decreasing) and distribution function (increasing) of the Pareto distribution with
equity parameter € = 0.6.

8.1 Geometrical interpretation

The differential equation has a geometrical interpretation in terms of tangent slopes of a Lorenz curve,
see figure 19. The tangent slope is bounded by two secant slopes as

L(u)

=< L/(u) < 1—7L(u)

U 1—u

Intending the upper inequality to become an equation motivates to decrease the upper bound. This
is obtained by introducing a positive factor ¢ < 1 which results in the foregoing differential equation.
Similarly, intending the lower inequality to become an equation motivates to increase the lower bound
which is obtained by introducing a factor M > 1 which results in the differential equation

M - M = L'(u).

u

This linear homogenous differential equation has the polynomial solution L(u) = u™. Without knowing
this solution and without knowing the Pareto curve being a solution of the other differential equation,
the solutions can be verified to be Lorenz curves just from a certain value property.

Lemma 12 Every solution with L(u) < 1 of the upper differential equation is increasing and convex and
every solution with L(u) > 0 of the lower differential equation is increasing and convet.

Proof. The function ¢(u) = %57) for u € [0,1) is non-negative. It is also increasing which is equivalent
to

—L'(u)-(1—u)+1—L(u)

! — > O
¢ (u) (1—u)? =
1— L(u)
— > L'(u).
1—u - ()

1—L(u) <

l-u —

A solution of the upper differential equation with values not exceeding one satisfies L' (u) = ¢ -

%&u). Thus, L' (u) is non-negative and increasing which implies that L(u) is increasing and convex. The
argument for the lower differential equation works similarly. o
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Figure 19: The tangent slope of any Lorenz curve at any interior point is sandwiched by secant slopes as
indicated.

In principle, the tangent inequalities could be forced to become equations by addition rather than multi-
plication. This would lead to the differential equations #4—14 = L'(u) with A > 0and L' (u) = L),

1—u
with 0 < a < 1. However, these do not result in Lorenz curves with continuos derivatives except for the

trivial case a = A = 0. This can be seen as follows for Lorenz curves which are continuously differentiable
at zero: L'(0) = lim,_,0 L' (u) = limy_o 2 + A = lim,_,0 ZW=LO 4 A — [/(0) + A. Thus, these

u u—0
differential equations are not pursued any further.

8.2 The main differential equations of the equity calculus

The equations # M =L'(u) =¢- %&u) with M > 1 > ¢ > 0 have no common solution except
the Egalitarian Lorenz curve L(u) = u. Yet we note that the given equations are three and that the
polynomial curve and the Pareto curve result from breaking the symmetry to the left and to the right of
the three equations, respectively. Crossing out the differential in the middle also results in an equation
for Lorenz curves, namely in the functional equation

1-L
Llw) gy 1=Lw)
U 1—u

Few simple algebraic manipulations show that the solution is the one-parametric function L(u) =
M/e—(ﬁ/a—n — = J\Z/—(J\%—l)u with M = M/e > 1. Tt is verified by insertion that this function, which was
not derived from differentials, satisfies even two homogenous differential equations

An income distribution with this Lorenz curve asserts that each income is proportional to the squared
average of all larger incomes and, simultaneously, of all smaller incomes! Also, each income equals the
average of all larger incomes with proportionality 'factor’ being the average of all smaller incomes and
vice versa. This can be seen from the Lorenz curve also satisfying the symmetric differential equation of
the Bernoulli type

L(u) 1—L(u)
U 1—u
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Generalizations of the differential equations with squared average incomes can be obtained by raising the
average incomes to even higher powers. All in all, this results in the sets of lower and upper differential
equations

L(u))” M =L'(u) and L' (u) = m - (LL(U))H

U 1—u

forn=1,2,3,... and M > 1 > m > 0. All these differential equations are solvable by Lorenz curves in
closed form.

8.3 Closed form solutions
The lower differential equations have the solutions
uM, if n=1

Liw) ={ = if n=2

u . _
Y M=(M—1)ur—1’ if n=23,4,...

These solutions can be found with the assistance of the on-line symbolic ODE solver of the Wolfram
alpha [Wa]. The upper differential equations have the solutions

1—u . .
L,(u) = I = iy a=a if n=2

_ n-1 . 1—u : —_
1 v1/m Y Gy if n=3,4,...

Though solutions of the upper differential equations can be given ’directly’, the solution formulas are
quite intricate and their length increases in the power n. The stated expressions were obtained by the
function substitution K (u) = 1— L(1 —u). Then L(u) =1— K(1—u) and L'(u) = K'(1 —u). This allows
to rewrite the differential equations as

1—L(u)."” K1 —u)"

K'(1—u)=L'(u)=m-( ) =m-( ) .

1—wu 1—u

The variable substitution w = 1 — u results in the lower differential equations except that the propor-
tionality parameter does not exceed one

Using again the symbolic ODE solver of the Wolfram alpha and backsubstitution lead to the upper
solution functions as stated. Note that the intermediate function K (u) need not and will not be a Lorenz
curve.

The case n = 2 results from the formulas for n > 3 for both lower and upper Lorenz curves. Yet, stating
this case separately better illustrates the function type. Interestingly, for n = 2 and M = 1/m lower and
upper Lorenz curves are identical since they satisfy the lower as well as the upper differential equation,
see above. Sample curves are shown in figures 20 and 21.
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Figure 20: Lower Lorenz curves with M = 2 (left) and upper Lorenz curves with m = 1/2 (right) for
powers n = 1 (bottom), n = 2 (middle) and n = 3 (top) in both cases. The upper Lorenz curve for n = 1
is a Pareto curve.
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Figure 21: Lower Lorenz curves (left) with M = 2 (top) and M = 5 (bottom) and upper Lorenz curves
(right) with m = .6 (top) and m = .3 (bottom). The power is set to n = 3 for all four curves.

In the purely algebraic approach, considering powers of average incomes does not lead to other types

of Lorenz curves than just considering power one. This means that the functional equation (#)" =

e (%&f))" with ¢ > 1 has no more solutions for n > 2 than for n = 1; only the parameter p has to be

replaced by {/u.

8.4 Empirics

Parametric Lorenz curves can be fitted to finite collections of support points by least squares minimization.
For an upper Lorenz curve with given power n and given support point collection (u;, y;)i;cc this amounts
to solving the problem

2
i Ly(u;) — z) .
i, 3 (B =

Best least squares fits for the upper Lorenz curves for indices from one through ten have been computed
for German income data, see figure 22. The curve for power two resulted in the best overall fit. The same
observation can be made for other nations including the US. Noteworthy, the underlying income data
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span across the whole income range. The well known high fitting quality of the Pareto distribution for
top levels of real income data [DS, p. 170] is outweighed by poor fitting elsewhere.

0.0 0.2 0.4 0.6 0.8 1.0

Figure 22: Best fit Pareto curve (green) and better fitting best fit upper curve for power n = 2 (blue) for
German income data as provided by the Worldbank. Best fit proportionality parameters are m = 0.587
(’equity parameter’) for the Pareto curve and m = 0.423 for the cure with power two.

8.5 Further differential equations of the equity calculus
8.5.1 Fractured exponents
The integer exponents of the income averages can be generalized to genuine rational and genuine real

numbers. However, solutions are then intricate to obtain except in special cases. One such case is the
lower fractured differential equation L'(u) = M - (L(u)/u)'% for M > 1 with Lorenz curve solutions

L(u) =

(M =1) Vu—M)*

Using function substitution and variable substitution as in section 8.3, these solutions carry over to
solutions of the upper fractured differential equation L'(u) = m - ((1 — L(u))/(1 — u))*® for 0 < m < 1.
Resulting Lorenz curves are

8.5.2 Proportionality functions
All differential equations of the equity calculus, which were considered so far, have constant coefficients.

This means that their proportionality factors are constants. These can be relaxed to functions and dif-
ferential equation solutions can be given in closed form for certain proportionality functions. Only few

32



L)

explicit examples are given. The lower differential equations L'(u) = (1+u™)-
the solutions

withn =1,2,... have

u
n

3=

Llu)=u-e

and the upper differential equations L'(u) = u™ - %57) with n = 1,2,... have the solutions

wn—1

Lw)=1— (1 —u) et ttu,

Note that polynomial Lorenz curves were used as proportionality functions for the upper differential
equations. Even Pareto Lorenz curves can be inserted. An example is L'(u) = (1 — (1 — u)?) - %&}‘)
with solution

Lu)=1— (1 —u)- e 2Vl

The curve is shown in figure 23. All examples fall into the pattern of generating Lorenz curves from given

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Figure 23: Pareto curve (green) with equity parameter 0.5 and Lorenz curve (red) using it as proportion-
ality function.

Lorenz curves which serve as proportionality functions in differential equations.
Theorem 9 Let L(u) be some differentiable Lorenz curve. Then

1. every solution of L'(u) = L(u) - LG ith L(0) = 0, L(1) = 1 and L(u) <1 and

1-u
2. every solution of L'(u) = (1 + L(u)) - LW ith L(0)=0, L(1) =1 and L(u) >0

u

1s a Lorenz curve.
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Proof. Solution functions being increasing and convex is verified similar to lemma 12. o

Proportionality functions need not be increasing. For example, the lower differential equation L'(u) =
(2 — 0.1u) - L(u)/u has the Lorenz curve solution L(u) = u? - exp(0.1 — 0.1u). Verifying convexity of
solution functions can be complicated for decreasing proportionality functions.

8.5.3 Slack functions

The slack between the secant slopes and the tangent slope can be filled-in by certain additive functions,
called slack functions though not by constants as discussed towards the end of section 8.1. The lower
differential equations with polynomial slack functions L'(u) = L(u)/u + u™ for n = 1,2,... have the
Lorenz curve solutions

-1 1
L(u) = L cu A — -y
n n

The upper differential equations with polynomial slack functions L'(u) = (1 — L(u))/(1 — u) — (1 — u)™
for n =1,2,... have the Lorenz curve solutions

n+1
n

L(u)=1 -(1—u)+%~(1—u)”+1.

8.5.4 Averages over other income ranges

Individual incomes can be related to subsets of all larger incomes instead of all larger incomes and they
can be related to subsets of all smaller incomes instead of all smaller incomes. For example, each of
these ranges can be cut into half so that an income distribution is characterized by all incomes being
proportional to the average over the upper 50% of all smaller incomes. This results in the differential
equation

ooy oy Llu) — L(u/2)
L'(u) =M - u—/2

for M > 1. The analog holds for all incomes being proportional to the average over the lower 50% of all
larger incomes. This results in the differential equation

L((1+u)/2) - L(w)
(1-u)/2

L'(u)y=m-

for m < 1. The geometry for the subset ranges is sketched in figure 24 and the corresponding differential
equations are not of any standard type. At best, it is difficult to obtain solutions in closed form. They
remain to be found or to be numerically approximated.

8.5.5 Limitations

It seems that a proportionality factor or a proportionality function is indispensable. The inequalities
for the tangent slope of a Lorenz curve can be forced to become equations by transforming the secant
slopes to larger or smaller values without using any kind of proportionalities. Since 0 < %") < 1, any
increasing transformation with T'(x) > x for « € [0,1] can be used. Feasible examples are T'(x) = {/x
for n = 2,3,... leading to the Bernoulli differential equations {/L(u)/u = L’(u). Similarly, the upper
tangent inequality leads to the Bernoulli differential equations L'(u) = {/(1 — L(u))/(1 — u). However,
the only Lorenz curve that satisfies any of these differential equations is the Egalitarian curve.
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Figure 24: The tangent slope of a Lorenz curve at any interior point is tighter sandwiched by secant
slopes than in figure 19.

8.6 System of proportionality laws

As a summary, a system of proportionality laws with their closed form solutions is given in table 2.
The system contains all previously given cases but, ultimately, cannot be claimed to be complete in any
reasonable sense. Though also based on differential equations, the given system differs from the Burr
system [Ri] by directly referring to Lorenz curves so that all resulting functions are, in principle, suitable
for describing income distributions.
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Proportionality law Parameter Solution Remark
L'(u) = e - 20 0<e<1l L(u)=1-(1-uF Pareto distribution

1—L(u —u u —L(u
L) = m- (52 0<m<1 Llw)=1- mrrdidn L) = 5 550
L'(u) = m - (AF2uyn 0<m<1 Lu=1-"Y1/m n=34,...

. 1—u
Y141 /m—1) (1—u)n—1
L'(u)=m- (17152“))1 5 0<m<1 Lu=1- Wﬁ fractured exponent
L'(u)=M - LEL“) M>1 L(u) = uM polynomial distr.
Dlw =M (57 M>1 L) = g L) = 52 -
/ _ (LY \n — U —
L'(u) =M - (=7) M>1 L(u) = — TR — n=3.4,...
L'(u) =M - (Lu“))L5 M>1 L(u) = (B oI fractured exponent
L'(u) = 1—&—11”)-# - Lu)=u-e = n=12...
w” w1
L'(u)=u"- 1_152“) - Lu)=1—(1—u)-en =T ttu n=12,...
L'(u)=(1—(1—u)") - Lu)=1— (1 —u)-e*~2Vi-u -
L 1-L(u)

L'(u)=(2-01u) - L(u)/u - L(u) = u? - exp(0.1 — 0.1u) -
L'(u) = L(u)/u+u" - L(u) =224 u+4 L.yt n=12..
L'(u)=(1-L(u))/(1 —u) - Liu)=1-22.(1—u)+ L (1—u)"t! n=12,.

Table 2: System of selected, solvable proportionality laws and their explicit solutions.
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